When a soliton propagates in a discrete lattice it excites small-amplitude linear waves in its wake. In a dc current-biased Josephson-junction (JJ) array these manifest as electromagnetic (EM) waves excited by a (magnetic field induced) chain of propagating magnetic vortices.
vortex spacing is commensurate with the wavelength of emitted waves, resonant modes occur.
This can be viewed as the phase-locking condition of the vortex velocity and the phase velocity of one of the self-induced modes. The experimental signature of such phase locking between a train of propagating vortices and their induced EM radiation in a JJ array is a series of flux-flow resonances in the current-voltage characteristics (IVCs) [3, 4] . On a resonant current step, moving vortices couple to their induced linear waves. Further increases of the current do not lead to further linear increases in the vortices velocity, because the energy is consumed in amplifying the linear waves. Such resonances have been observed by many groups, below 9K, in JJ arrays made of low temperature superconductors (LTS) [4] [5] [6] [7] . The associated amplified EM radiation has been measured too, proving that LTS JJ arrays are suitable candidates as B-tunable microwave oscillators [8, 9] . After the discovery of high temperature superconductors (HTS) in 1986, it was anticipated that similar B-tunable 
Within each period (0, Φ 0 ) Eq. (2) is only valid for applied fluxes larger than a cut-off value Φ c1 known as the minimum applied flux density required for vortices to enter the array.
The physics behind the oscillations of flux flow resonances with Φ ex as given by Eq.
(2) is well understood [6, 7] [4] [5] [6] [7] . In this report we investigated experimentally resonances up to m=4 and we find several novel features regarding their coexistence and mutual interaction. Thus, from Eq. (2) it is expected that as we increase the applied flux from 0, there should be a mode-crossing event between m=2 and m=3 modes twice every period of Φ 0 and between m=3 and m=4 modes four times every period of Φ 0 .
We have observed such mode-crossing events for the first time and found that each time a mode-crossing event occur both modes involved do not interfere in any way (destructively or constructively) with each other but continue to manifest totally independent from one another.
To clarify the physical origin of the resonances, it is helpful to recall a mechanical analogue of the system. Eqs. (1) may be viewed as the equations of motion for a chain of N identical pendulums, each of which is viscously damped and free to move transverse to the axis of the chain, driven by a constant torque, and coupled to its nearest neighbours by torsional springs [4] . A vortex corresponds to a kink (soliton) propagating along the chain. In this configuration, a given pendulum hangs almost straight down for much of the time, but when the kink passes by, the pendulum overturns rapidly and oscillates for the period between passing kinks. These oscillations are the analogue of the EM radiation excited by the The voltage location of resonances versus Φ ex at 84K is shown in Fig. 5 . The qualitative agreement with Eq. 2 is remarkable considering that no fitting parameter has been used in this comparison. However, it is important to stress that Eq. 2 is oversimplified as neither the vortex depinning term [16] , nor the dissipation (which might be significant considering the measured IVCs are non-hysteretic), nor the variable β Li along the array have been considered when deriving Eq. 2. This explains the quantitative discrepancies between theory and experiments in Fig. 5 . The resonances disappear at a cut-off value (called Φ c1 for m=1 in Fig. 5 ) which, in general, is different for every mode. It has been shown previously that, precisely around Φ c1 , the system performs as a Josephson vortex-flow transistor with very high current gains [17] .
Fourier spectral analysis of the flux-flow voltages reveal that on the step m, the first m harmonics are dominant, and the higher harmonics have rapidly decaying amplitudes [5] .
Therefore, for possible applications as B-field tunable oscillators, operation on m>1 steps is not desirable since the ac power will be distributed among the modes, instead of being concentrated in one mode as for m=1. The phase locking-induced amplification coefficient of the EM waves is periodic in the applied flux Φ ex with period Φ 0 and reaches its maximum at Φ ex =Φ 0 /2 for the m=1 resonance and at Φ ex =Φ c1 for m=2 resonance [5] . With our device operated at 84K on the m=1 step, one can estimate a maximum power radiation 
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